PMATH 911: Assignment 1

Solutions by Forte Shinko and Cecylia Bocovich, with minor modifications

Question 1
We will derive the following judgment:
A:TypeF Af.f(Azz): (A= A) = A) — A
First of all, we can derive:

- ctx
(A: Type) ctx
A: Type F A: Type

Thus we can derive:

A: Type A: Type A: Type - A: Type
A: Typek A — A: Type

Thus we can further derive:
A: Type A — A: Type A: Type - A: Type
A: TypeF (A — A) — A: Type
(A: Type, f: (A — A) — A) ctx

Now we’ll split up into two directions.
The easy branch is this one:
(A: Type, f: (A— A) = A) ctx
A:Type, f: (A= A) 5 A f: (A5 A) - A

The other one is the derivation of the identity map:

A: Type, f: (A— A) — A)F A: Type

(A: Type, f: (A — A) —» A,x: A) ctx

A:Type,f: (A= A) 5 Ajx: AFz: A
A:Type,f: (A= A) > AFdzx: A— A

Finally, we can derive our judgment:
A:Type,f: (A= A) - A f: (A= A)— A A:Type,f: (A= A) - A zx: A— A

A: Type, f: (A— A) = A+ f(Az.x): A
A:TypeF Af.f(Qz.z): (A— A) - A) = A

That’s it! As a program that computes something, this solution takes a functional and evaluates it on the
identity function on A. O



Question 2

I'll put less detail into this one for easy reading.
First of all, let I" represent the following context:

A,B,C: Type,f: A— B,g: B—C
Then we have the following proof tree:

I ctx
[az: AF (go f)(z) = (g0 f)(x)
Loa: AF (go f)(@) = My.g(f(y) (=)
Lz: Ab (go f)(z) = g(f(2))
To get to the last line, we used the computation rule for function types.
Now let ¥ represent the following context:

A B,C,D: Type,f: A—-B,g: B—C,h: C - D
Using the result of our previous proof tree, we get the following proof tree:

U ctx
U, x: A h(g(f(z)) = h(g(f(z))): D
U,z: Ak (hog)(f(z)) =h((go f)(x)): D
U,2: Ak ((hog)o f)(z) = (ho(gof))(z): D
U+ Az.((hog)o f)(x) = Az.(ho(go f))(x): A= D
VUt (hog)of=ho(gof):A— D

The last line follows from the uniqueness principle for function types. O

Question 3

Let %: 1 be the distinguished element. Then we have the following functions:

f=Xx(x%):1—-1x1
g=Arx:1x1—1

The composition g o f gives us the following:
gof=Arg(f(x)) = x.Ayx)(f(z)) =Azx:1 =1
Similarly, f o g gives us the following:
fog=Xx.f(g(x)) = Ax.(Ay.(x,%))(g(x)) = Az.(%,%): 1 x 1 -1 x 1

That’s pretty simplified, right? O

Question 4

Let T represent the context P, Q: Type. Then proving De Morgan’s law is equivalent to finding an expression
F fitting into the following typing judgment:

'FE: ((P—=0)+(Q—0) = (PxQ)—0
The following expression works:

AfAa.indpyq(w.0,2.y.1ind(p_0)+(Q—0)(2.0,9.9(x), h.h(y), f), a)



The ”classically equivalent statement” corresponds to an expression E fitting into the following typing
judgment:
'HFE: (PxQ)—0—>P—->Q—0

The following (much simpler) expression works for this:
AfAp-Aq-f((p, @)
That’s all! O]



Question 1
The following judgement type checks:
A:Typet Af.f(Ax.x): (A—A) - A) = A

The proof tree is:

. ctx
(A : Type) ctx . ctx
A :Type - A : Type (A : Type) ctx
ctx A:Type A — A: Type A :TypeF A : Type
(A: Type) ctx ctx A:Typet (A — A) — A: Type
A :Typet A: Type (A : Type) ctx (A:Type,f: (A— A) = A) ctx
A:TypeF A — A: Type A :TypeF A : Type A:Type,f:(A— A) — AF A: Type
A:Typet (A — A) — A: Type (A:Type,f: (A— A) » Ax: A) ctx
(A:Type,f: (A— A) = A) ctx A:Type,f: (A—A) —wAz: Az A
A:Type,f: (A—A) - AFf: (A=A — A A:Type,f:(A—A) - AF X zx: A— A

A:Type,f: (A— A) - AF f(Az.x): A
A:Typek Af.f(Ax.z): (A— A) — A) — A

If you think of the expression
E=)M.f(Ax.x)

as a functional program that computes something, it take as input a function and applies it to an identity
function for type A. This results in a return value of type A.

Coq code:
Theorem probleml (A:Type) : ((A — A) — A) — A.

Proof.
intro

apply
intro

MM O Hh

exact
Qed.

Question 2

Given the context
I'=(A,B,C,D :Type,f: A—B,g: B—C,h:C — D)

Show that function composition is associative up to judgemental equality:

(hog)of=ho(gof):A—=C



by constructing a proof tree of the following;:

' Ay Az.h(g(2))(f(y) = Ay-h(Az.g(f(2))(y)) : A— D

I' ctx

: see (c) below 1 ctx
see (a) below see (b) below _ I oetx . _FA:Type
THA: Type : (T,y:A) ctx
: : (T,y: A) ctx Dyy:Ax: AFg(f(x)): C Ty:AFy: A
T,y:Ax:BF h(g(z)): D Ny:Av- f(y): B Ny:AFh=h:C— D Dy: Ak g(f(y) = Az.g(f(2)(y): C
Loy Al dzh(g(@))(f(y)) = h(g(f(y))) : D Tyy: Al h(g(f(y) = h(Az.g(f(2))(y)) : D
I Ay.Az.h(g(2)(f(y) = Ay-h(g(f(y)) : A= D ' Ay-h(g(f(y) = Ay-h(Az.g(f(#))(y) : A= D

T F 2y Az.h(g(x))(f(y) = y-h(Qz.g(f(2))(y) : A — D

subtree (a):

I' ctx I' ctx

m 'k A: Type ' A: Type
'~ A: Type (Ty:A) ctx T,y :A) ctx
(T,y:A) ctx T'y: AF B : Type I'y: AF B : Type
Iy: AF B : Type (T,y: A,z : B) ctx (T,y: Az : B) ctx
(Ty:A,x: B) ctx Ny:Az:BFg:B—C Iy:Az:Brx:B
Iy:Ajx:B+-h:C—D My:Ax:BFg(z):C

Iy:Ax:BF h(g(z)): D

subtree (b):

I' ctx I' ctx

' A: Type ' A: Type
(T,y:A) ctx (T,y:A) ctx

Ny:Arf:A— B My:AFy: A
Fy:AF f(y): B

subtree (c):



I' ctx I' ctx

m '+ A: Type ' A: Type
'k A: Type (T,y:A) ctx (T,y:A) ctx
(T,y:A) ctx Iy: AF A: Type Iy: AF A: Type
Iy: A- A: Type (T,y:Ayx:A) ctx (T,y:Ayx: A) ctx
(T,y: Az : A) ctx Ny:Az:A-f:A—> B Iy:Az:Abz: A
Ny:Axz:AFg:B—C y:Ax: Ak f(z): B

Ly:Az:Abg(f(z)): C

Question 3

Consider the functions
f=Xz: ) (z,2):1 >1x1

g = Ap.indix1(z.1,a.b.a,p) : 1 x1 —1

The composition of these functions are:

go f =Au.(Ap.indix1(2.1,a.b.a,p))((Ax.(z,2))(u)) : 1 =1

fog=Xg.(Ax.(z,2))(Ap.indix1(2.1,a.b.a,p)(q)) : 1 x 1 —1x 1

By applying the computation rule for function types twice, we get the following simplifications:
go f = Au.indix1(z.1,a.b.a, (u,u)),
fog=MAg(ind1x1(2.1,a.b.a,q),ind1x1(2.1,a.b.a,q)).
We can simplifiy g o f even further by applying the computation rule for products:
gof=M.yq

Note that this is just the identity function.

Question 4

The statement
“if (not P) or (not @), then not (P and Q)”

corresponds to the following type:

(P—=0)+(Q—0) = (PxQ)—0



A proof of the statement is a program of the above type:

Af-Ag.ind(p_0)+(Q—0)(2.0,7.indpxq(p.0, a.b.x(a), ), y.indpx @ (p.0, a.b.y(b), g), f)

The proof tree below illustrates a proof of this statement using the following abbreviations:

Ey = indpxg(p.0,a.b.z(a), g)

Es = indpyxg(p.0,a.b.y(b), g)
I'=(P:Type,Q :Type,f: (P —0)+(Q —0),9: PxQ)

'y = (P :Type,@ : Type, f: (P —=0)+(Q —0),9: PxQ,a: P,b:Q)

. ctx . ctx
see subtree (a) see subtree (b)

T ctx ; : T ctx
I'-0: Type z:(P—0)FE;:0 Iy:(Q—0)FEy:0 F'Ef:(P—=0)+(Q—0)
P :Type,Q : Type, f : (P = 0) +(Q — 0),9: P x Q F ind(p_0)+(9—0)(2.0,7.E1,y.Fa, f) : 0
P : Type,Q : Type, f : (P — 0) + (Q — 0) = A\g.ind(p_,0)4(0—0) (2.0, 2. E1,y.Ea, f) : (P x Q) — 0
P : Type, Q : Type = Af.A\g.ind(p_0)+(9—0)(2.0,7.E1,y.Ea, f) : (P = 0) + (@ = 0)) = (P x Q) = 0

subtree (a):

. ctx . ctx . ctx . ctx
Ty ctx T, ctx T, ctx T, ctx . ctx . ctx
I'g - P : Type I's =0 : Type I's = P : Type I'sg -0 : Type : :
. ctx 'y P — 0: Type T'oF P — 0: Type m m
: (Tg,z: P — 0) ctx (Tg,z: P — 0) ctx I'= P : Type ' Q : Type
T ctx I'y,z:P—0Fz:P—0 I'y,z:P—0Fa:P Mx:(P—0)FPxQ:Type
I'-0: Type Fz:(P—0),a:Pb:QFx(a):0 Fz:(P—0)Fg:PxQ

[ z: (P — 0)F indpxq(p.0,a.b.z(a),g) : 0

subtree (b)



. ctx . ctx . ctx . ctx

T'y ctx T'ys ctx Ty ctx Ty ctx . ctx

I'FQ : Type

I's Q@ : Type T's =0 : Type I's Q@ : Type I's = 0: Type :
. ctx Iy Q— 0:Type Iy Q@ — 0:Type T ctx
: (To,y: Q — 0) ctx (To,y: Q — 0) ctx ' P: Type
T ctx Io,y:Q —>0Fy:Q—0 To,y:Q —>0Fb:Q Iy:(Q—0)FPxQ :Type
I'-0: Type Fy:(Q—0),a:Pb:QFy):0 Ny: (Q—0)Fg: PxQ

I'y: (Q — 0) - indpxg(p.0,a.b.y(b),g) : 0

The statement
“if not (P and @), then P implies (not Q)”

corresponds to the following type:
(PxQ)—=0)—=(P—=(Q—0)
A proof of the statement is a program of the above type:

A Az Ay f(z,y)

The following proof tree illustrates a proof of this statement using the following abbreviation:

['=(P:Type,Q:Type,f: (P xQ) = 0,2: Py:Q)

. ctx . ctx
. ctx
: ' ctx I' ctx
' ctx I'tz:P 'Fy:Q
FrEf:(PxQ)—0 'k (z,y): PxQ

P : Type,@ : Type, f : (Px Q) = 0,z : Py: QF f(x,y): 0
P :Type,Q : Type,f: (P x Q) = 0,2 : PF A\y.f(z,y) : Q@ — 0
P :Type,@ : Type, f : (P X Q) = 0+ Az \y.f(z,y) : P — (Q — 0)
P : Type,@ : Type F ANf Az \y.f(z,y) : (P x Q) —0)— (P — (Q — 0))

Proof of I' ctx:



. ctx . ctx

. ctx (P : Type) ctx (P : Type) ctx
(P : Type) ctx (P : Type, @ : Type) ctx (P : Type, @ : Type) ctx
(P : Type, @ : Type) ctx P : Type,Q : Type - P : Type P : Type, @ : Type F Q : Type
P : Type, @ : Type - 0 : Type P : Type,Q : Type - P X @Q : Type

P : Type,Q : Type F (P x Q) — 0) : Type
(P : Type,Q : Type, f : (P X Q) — 0) ctx
P : Type,@ : Type, f : (P x Q) — 0+ P : Type ctx
(P : Type,Q : Type, f : (P X Q) — 0,2 : P) ctx
P : Type,@ : Type, f : (P X Q) — 0,2 : P: Q : Type
(P :Type,Q : Type, f: (P x Q) - 0,2 : P,y: Q) ctx

Coq code:

Theorem DeMorganA (P Q:Type) : ((P — False) + (Q — False)) — (P * Q) — False.
Proof.

intro f.

intro p.

destruct f.

destruct p.

exact (f p).

destruct p.

exact (f q).
Qed.

Theorem DeMorganB (P Q:Type) : ((P * Q) — False) — (P — (Q — False)).
Proof.

intro f.

intro x.

intro y.

exact (f (x,y)).
Qed.



