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Question 1

Part a

We proceed by induction on x.
For z = 0, we need a term of type (0 =0) + (0 = 1). We have refly : 0 = 0, so we can take inl(refly).
Similarly for = 1, we can take inr(refl;). O

Part b

The uniqueness principle is as follows:

H ((n =0)+ Z(n = succ(m)))

n:N m:N

To prove this, we proceed by induction on n.

For n = 0, we need a term of type (0 = 0) 4+ > (0 = succ(m)). We have refly : 0 = 0, so we can take
inl(refly).

For n = succ(k) and p : (k = 0) + 3, n(k = succ(m)) (which we do not need), we need a term of type
(succ(k) = 0) + >_,,.n(succ(k) = succ(m)). We have (k,reflguce(r)) @ 2. n(succ(k) = succ(m)), so we can
take inr((k, reflgyce(r)))- O

Question 2

Part a
We need to prove the following:
IT TU@ =g@)
f,9:A—=1xz:A

If we fix f, g, 2, then we just need a term of type f(x) = g(x). Recall that from the uniqueness principle of
the unit type, there exist p : f(z) = * and ¢ : g(z) = *, so we are done since = is an equivalence relation
(explicitly we can take p=t-q: f(x) = g(z)). O

Part b

Let A = Bool and let f = Az.0 and ¢ = Az.1. Then we need a term of type (f ~ g) — 0. Note that
f(x) =0 and g(x) = 1. Also recall that from class, we have ¢ : (0 = 1) — 0. Using these facts, we can take
h:(f ~g)— 0 defined by h = Ap.¢(p(x)) and we are done. O



Question 3

We need a term of the following type:

H H H H aor=ap_.(a)

T,y,2: A P,q:x=y r:y=z a:p=q

By path induction on p, we can take y = x and p = refl,. Then we have:

IIIT II II ecr=ap.(@

r,2:A q:x=z rx=2z a:refl, =q

By path induction on «, we can take ¢ = refl, and o = refl,eq,. We can also path induct on r and take
z =z and r = refl,. Then we have:

H reflien, orefl, = ap_eq, (reflyen, )
T:A

By the computation rule for whiskering, we have:
reflyen, orefl, = reflyeq,

By the computation rules for ap and composition, we have:

ap,-reﬂz (reﬂreﬂx) = reﬂreﬂz -refl, = reﬂreﬁz

So a term of the desired type is just refl,eq ,, , and we are done. O

refly

Question 4

We will show that for any f : [], . C(n) satisfying recursion with respect to b and s, we have that f ~
indyn(C, b, s), and the result follows since homotopy is an equivalence relation. Since f satisfies recursion, we
have a term ¢ of the following type:

¢: (£(0) = b) x [ [ f(suce(n)) = s(n, f(n))
n:N

The type f ~ indn(C, b, s) is defined as the following type:

H(f(n) = indn(C, b, s,m))

n:N

To prove this, we proceed by induction on n. If n = 0, we need a term of type f(0) = indy(C, b, s,0). Note

that indy(C, b, s,0) = b, so we just need a term of type f(0) = b. For this, we can take pry(¢).

For n = succ(k) and p : f(k) = indy(C, b, s, k), we need a term of type f(succ(k)) = indn(C, b, s,succ(k)).

Note that indn(C, b, s, succ(k)) = s(k, indn(C, b, s, k)), so we just need a term of type f(succ(k)) = s(k,indn(C, b, s, k)).
We have g = pry(¢) (k) : f(succ(k)) = s(k, f(k)). Note also that ap,, y(p) : s(k, f(k)) = s(k,indn(C, b, s, k)).

Thus our desired path is ¢ - ap,, (p). O

Question 5

Before we do the question, note that for any A : U, we always have indg(A) : 0 — A.
Now, suppose we have C' : N — U/ and we also have f of the following type:

11 (H(k <n)— C(k)) — C(n)
n:N

k:N



We wish to prove the following;:

[Tcm
n:N

Thus it suffices to find a term ¢ of the following type:

¢: [TTIk <n) = C(k)

n:N k:N

and then we can just take An.f(n,¢(n)) : [[,,.nC(n).

To find ¢, we proceed by induction on n. We will also fix k£ : N.
For n =0, we need (k < 0) — C(k). But since (k < 0) = 0, by the first sentence there exists a term of type
0 — C(k) and we are done.

When n = succ(m) and we have g : (k < m) — C(k), we need to find a term of type (k < succ(m)) — C(k )
Note that (k < succ(m)) = (kK < m) + (k = m). Thus to find a term of type (k < succ(m)) — C(k), it
suffices to find a term of type (kK < m) — C(k) and (k = m) — C(k). We already have g : (k < m) — C(k),
so remains to find a term of type (k = m) — C(k). First of all, note that we have f(m,g) : C(m). Thus
using transport, we get Ap. transport®(p~!, f(m, g)) : (k = m) — C(k). O



