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Preface. This document is written for a mixed audience of computer scientists, mathematicians, and
physicists. Since my research is topically broad, the statement is longer than typical, but its sections can be
read independently.

Two recurring features characterize my research:

▷ Interdisciplinarity: I often develop mathematical frameworks for problems motivated by physics,
computer science, or engineering. These problems are usually not well known to mathematicians, but
they tend to exhibit interesting mathematical structures whose clarification and distillation I view as a
central task.

▷ Pioneering nature: Several of the tools and methods I have developed have since seen broad adoption.
Once the core ideas are in place, I often move on to new topics.
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1 Operator algebras and quantum information theory
Towards the end of my PhD, I realized that an open problem in quantum information theory known as
Tsirelson’s problem is closely related to Connes’ embedding problem in operator algebras [1], in the
sense that the latter conjecture implies the former. This connection between the two problems was proven
independently and concurrently by a team of six established quantum information theory researchers [2].
Ozawa subsequently proved the converse direction, thus establishing that the two conjectures are in fact
equivalent [3].

I also had the hope that these conjectures could be disproven by methods from computability theory.
This resulted in some partial results joint with Netzer and Thom [4]. The connection between Tsirelson’s
problem and Connes’ embedding problem as well as the idea of using computability theory to disprove these
conjectures is indeed what was realized in the 2020 breakthrough solution MIP∗ = RE by Ji et al. [5].1 That
being said, their undecidability argument is more sophisticated in its complexity-theoretic aspects than what
I had been able to anticipate. The idea behind my uncomputability idea was recently confirmed by Goldbring
and Sinclair [7], who showed that it follows from [5].

Goldbring’s recent surveys [8, 9] provide a good overview of these developments and the significance of my
contributions. Other overviews include the theses [10, 11]. These ideas have since become part of the research
area of nonlocal games at the intersection of quantum information theory and operator algebras.2 The
strong results developed by others in this area have enable me to derive the undecidability of propositional
quantum logic as a corollary [12].

1Recently, this result has also been shown to imply a negative solution to the Aldous–Lyons conjecture on random graphs [6].
2See e.g. recent workshops like Quantum information, quantum groups and operator algebras (Cambridge, 2024), Operator

Algebras and Quantum Information (Waterloo, 2025), Workshop on Quantum Information and Operator Systems (Oslo, 2025),
Noncommutative Harmonic Analysis and Quantum Information, (Oberwolfach, 2026), and Operator Algebras and Quantum
Information (Mittag-Leffler Institute, 2026).

https://www.newton.ac.uk/event/qia/
https://uwaterloo.ca/institute-for-quantum-computing/events/operator-algebras-and-quantum-information
https://uwaterloo.ca/institute-for-quantum-computing/events/operator-algebras-and-quantum-information
https://www.mn.uio.no/math/english/research/projects/qombine/events/conferences/workshop-dec2025/
https://www.mfo.de/occasion/2605
https://www.mittag-leffler.se/activities/operator-algebras-and-quantum-information/
https://www.mittag-leffler.se/activities/operator-algebras-and-quantum-information/


2 Characterizations of entropy
Entropy is a fundamental but mysterious concept in many areas of science. In order to clarify its meaning,
it is natural to ask for a characterization of entropy in terms of simple axioms. My work with Baez and
Leinster on characterizations of information measures [13, 14] provides the perhaps simplest axiomatic
characterizations of Shannon entropy and relative entropy (Kullback-Leibler divergence) known
to date. This simplicity is achieved through the use of categorical language, which has revealed that entropic
quantities can meaningfully be considered as functors:

Theorem 2.1 ([13]). Let FinProb be the category of finite probability spaces (X, p) and measure-preserving
maps f : (X, p) → (Y, q). Suppose F is any map sending morphisms in FinProb to numbers in [0,∞) and
obeying these three axioms:

(a) Functoriality:
F (f ◦ g) = F (f) + F (g)

whenever f , g are composable morphisms.

(b) Convex linearity:
F (λf ⊕ (1− λ)g) = λF (f) + (1− λ)F (g)

for all morphisms f , g and scalars λ ∈ [0, 1].

(c) Continuity: F is continuous.

Then there exists a constant c ≥ 0 such that for any morphism f : (X, p) → (Y, q) in FinProb,

F (f) = c(H(p)−H(q)),

where H(p) is the Shannon entropy of p. Conversely, for any constant c ≥ 0, this formula determines a map
F obeying conditions (a)–(c).

While this was proven by a reduction to an earlier characterization of Shannon entropy due to Faddeev,
our characterization of relative entropy in [14] had to be proven from scratch. These two papers have resulted
in a substantial number of follow-up works by other authors who connect category theory and information
theory, including [15–30].

3 Causal inference and Bell’s theorem
Bell’s theorem in the foundations of quantum mechanics is a mathematical result which shows that certain
predictions of quantum mechanics cannot be reproduced by any theory that is based on local hidden variables.
Therefore, in order to reproduce the predictions of quantum mechanics by means of standard probability
theory, one needs to allow for nonlocal interactions, which is unattractive since such interactions have not
been observed in nature.

In [31, 32]3, I developed a new mathematical framework for Bell’s theorem, which shows that it is an
instance of a type of problem known as causal inference with hidden variables. Based on this, I derived
new impossibility results analogous to Bell’s theorem but with other causal structures. These results clarify
that one does not need a notion of “agent” or “free will” in order to apply Bell-type theorems to rule out local
hidden variable theories, in contrast to what is sometimes claimed in the literature. My main example of
this lives on the “triangle scenario” causal structure. The probability distribution underlying this example
has become known as the “Fritz distribution” [33–40]. See also e.g. [41–44] for further work on the triangle
scenario and [45–47] for recent experimental tests.

In [48], and together with my physics colleagues Elie Wolfe and Rob Spekkens, I built on these insights
into causal inference in order to develop the inflation technique, which is the first generally applicable
method for solving causal inference problems with hidden variables. Navascués and Wolfe later showed that
this method provides necessary and sufficient conditions [49]. Among many other follow-up works, there is
now a generalization to quantum causal inference [50] as well as a Python package4 for both our classical and
the more recent quantum version of inflation [51].

3[31] was selected for the journal’s Highlights of 2012.
4Installable via pip install inflation.
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While the inflation technique has so far mainly been used by physicists working on quantum information
theory and quantum foundations, the personal interactions I have had with the other participants in the
research programme Causal inference: From theory to practice and back again indicate growing awareness in
the causal inference community.

4 Resource theories and Vergleichsstellensätze for semirings
Over the past ∼10 years, an active research area emerging out of quantum information theory has been
that of resource theories. The basic idea behind this research is to develop a common mathematical
framework for the analysis of resource efficiency for problems involving entanglement transformations, quantum
thermodynamics, or magic states in quantum computation, to name a few examples [52, 53]. Moreover, in
my view there is no reason to restrict this research to quantum information and quantum computation: the
ultimate goal should be to develop a general theory of resource efficiency that applies to a wide range of
problems in physics, engineering, computer science and economics. This should have classical results like
Shannon’s channel coding theorem and Carnot’s theorem on the efficiency of heat engines as special cases,
and provide an improved conceptual understanding of these theorems as well as a toolbox that allows for
easier discovery of new results of this type.

Therefore my own contributions to this area focus primarily on the development of a mathematical toolbox
that applies quite generally to problems of resource efficiency. My initial works in this direction consist of
a general mathematical framework for resource considerations based on category theory [54]5 and the use
of separation theorems from functional analysis to prove optimality of bounds on resource efficiency [55].
As a first application, this has facilitated the first comprehensive treatment of work and heat in quantum
thermodynamics from the resource-theoretic perspective [56].

After that, I have been working on the development of deeper mathematical results on preordered
semirings, motivated by certain intended applications that I will sketch below. This is based on the
observation that many resource theories not only have a notion of combining resources, which tends to behave
multiplicatively, but also a more mysterious notion of addition given by some kind of direct sum over which
one has a distributive law. Hence one arrives at the algebraic structure of a preordered semiring as a natural
setting for the study of resource theories, where an ordering relation x ≥ y means that x can be converted into
y. This turns out to be a very fruitful perspective which allows for the development of deeper mathematical
results in the form of separation theorems with powerful consequences. Historically, the first such result
was Strassen’s separation theorem for Archimedean preordered semirings [57], which he applied to give a
theoretical formula for the complexity of matrix multiplication.6

Strassen’s proof of his separation theorem was by a reduction to a separation theorem for ordered rings,
namely the classical Positivstellensatz of Krivine–Kadison–Dubois. Following the tradition of naming such
separation theorems by analogy with Hilbert’s Nullstellensatz, I have coined the term Vergleichsstellensatz
for the semiring versions, based on the fact that these kinds of results are about asymptotic comparisons
between semiring elements7. Here is my first Vergleichsstellensatz for preordered semirings [58], which
generalizes Strassen’s result to a much wider class of preordered semirings.

Theorem. Let S be a preordered semiring with 1 ≥ 0 and a power universal element u, and let x, y ∈ S
nonzero. Then the following are equivalent:

(a) ϕ(x) ≤ ϕ(y) for all monotone homomorphisms ϕ : S → R+ or ϕ : S → TR+.

(b) For every ε > 0, we have
xn ≤ u⌊εn⌋yn

for all n ≫ 1.

Moreover, suppose that ϕ(x) < ϕ(y) for all such ϕ. Then also the following hold:

(c) Asymptotic comparison I: There is k ∈ N such that

ukxn ≤ ukyn ∀n ≫ 1.

5Selected for Computing Reviews 21st Annual Best of Computing.
6I call it “theoretical” because actually computing this formula requires understanding the spectrum of the associated preordered

semiring of tensors, which is a very difficult problem.
7German vergleichen = to compare.
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(d) Asymptotic comparison II: If y is power universal as well, then

xn ≤ yn ∀n ≫ 1.

(e) Catalytic comparison: There is nonzero a ∈ S such that

ax ≤ ay.

Moreover, there is k ∈ N such that a := uk
∑n

j=0 x
jyn−j does the job for any n ≫ 1.

Here, TR+ = ([0,∞],max, ·) is the tropical semiring, and the monotone homomorphisms ϕ form the test
spectrum of S. As the appearance of tropical points in this spectrum indicates, this Vergleichsstellensatz is
genuinely semiring-theoretic, and one thus cannot expect to find a proof by reduction to a Positivstellensatz.
Instead, my proof is based on a reduction to the semifield case by formally adjoining multiplicative inverses,
where I have shown the following:

Theorem 4.1 ([58]). (a) Let F be a preordered semifield. Then its preorder ≤ is the intersection of all
total semifield preorders on F which extend it.

(b) Let F be a totally preordered semifield. Then F is multiplicatively Archimedean if and only if it order
embeds into one of the following preordered semifields:

R+, Rop
+ , TR+, TRop

+ .

The proof of (a) in turn is structurally congruent to standard proofs in real algebra—in particular to
Artin’s proof of the analogous result for ordered fields—but very different and more demanding in the technical
details. For example, the following peculiar polynomial identity plays a key role:

Lemma 4.2. For n ∈ N, let A = (A0, . . . , An) and B = (B0, . . . , Bn) be finite sequences of variables. Then
in the semiring N[A,B,X, Y ], the polynomial

n∑
k=0

(
Ak

n∑
i=0

BiX
i +Bk

n∑
i=0

AiY
i

) k∑
j=1

Xk−jY j−1

.

is invariant under X ↔ Y .

In the follow-up paper [59]8, I have proven further generalizations of the above Vergleichsstellensatz, where
the assumption 1 ≥ 0 is dropped. This is relevant especially for applications to probability and (classical or
quantum) information theory, where the semiring elements are often unnormalized measures or states, but
only semiring elements of the same normalization are comparable. The Vergleichsstellensätze of [59] are more
technical to state, but they have the same general flavor as the one above. They are arguably my technically
most difficult results to date.

The applications worked out so far concern problems where the test spectrum can be explicitly determined,
so that the separation results have concrete consequences. Since this is often not easy to do in the setting of
resource theories, these existing applications have partly been to questions that are not directly motivated by
resource theories. In particular, my first Vergleichsstellensatz has been applied to the semiring of representations
of SU(n) ordered under inclusion, where it gives necessary and generically sufficient conditions for asymptotic
and catalytic containment of representations [60]. Unexpectedly, (b) has also been used recently as one
ingredient in the proof of a characterization of the category of Hilbert spaces and bounded operators [61].

My deeper Vergleichsstellensätze from [59] have also been applied in various ways. My own first application
was to a characterization of asymptotic stochastic dominance for random walks, where they specialize to a
new relative version of Cramér’s large deviation theorem [62]. Together with quantum information theorists
from Singapore, I have also applied them to asymptotic matrix majorization [63], where we confirmed an
earlier conjectural characterization due to a group of economists [64, Section 6]. My coauthors have since
developed further results based on my Vergleichsstellensätze [65, 66], including recent work on information
measures [67]. They are currently running an international reading group on my Vergleichsstellensatz papers.

In the future, I would like to extend these Vergleichsstellensätze to preordered semirings with additional
structure that allows for the possibility of considering approximate resource conversions, given that approx-
imations play a central role in many results on asymptotic resource efficiency, such as Shannon’s channel
coding theorem.

8Although this is still only a preprint, it has received an enthusiastic referee report and is currently in the second round of
review.
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5 Categorical probability and statistics with Markov categories
For the past ∼7 years, much of my research has focused on the development of a new mathematical framework
for probability theory and statistics based on category theory. My main guiding idea behind this endeavour
is that working with the measure-theoretic formalism is akin to programming a computer in machine code,
while a categorical framework can provide a more usable higher-level language in which much of the same
theory can be developed. The advantages of doing so are threefold:

▷ Just as in programming, utilizing a higher-level language allows the reasoner to focus on the essential
aspects of a problem while disregarding irrelevant implementation details. This should ultimately
allow for the treatment of problems of higher complexity than what would be possible in the original
framework.

▷ Greater generality:9 The categorical framework can be seen as a general setting for theories of uncertainty
which includes probability theory, but similarly applies to other theories of uncertainty as well. For
example, there are various flavours of possibility theory, dynamical versions of probability theory
involving group actions, and Gaussian probability. By imposing axioms of varying strength, one obtains
results that apply to a range of different theories of uncertainty. This generality and flexibility can be
exploited by the user in order to help them determine which theory of uncertainty is best suited for
their particular problem.

▷ As I will argue below, the categorical perspective can also provide new philosophical insights into the
nature of probability.

In this section, I will present the theory of Markov categories as providing such a higher-level framework
and sketch some of the results that we have obtained in this framework. To follow the technical exposition,
familiarity with symmetric monoidal categories will be helpful. Nevertheless, I hope that all readers will be
able to get a flavour of what Markov categories are and what one can do with them.

Definition 5.1 ([68]). A Markov category C is a symmetric monoidal category, with monoidal unit I which
is terminal, and where every object X ∈ C is equipped with a distinguished morphism

X X

X

copyX = (5.1)

which, together with the unique morphism delX : X → I, makes X into a commutative comonoid, and such
that

X ⊗ Y

=

X ⊗ Y

X ⊗ Y

X Y X Y

X Y

(5.2)

for all X,Y ∈ C.

Modulo minor variations, Markov categories were rediscovered independently a number of times.10
However, my paper [68] has apparently been the first to recognize their potential as a higher-level framework
for probability and statistics in which one can conduct nontrivial reasoning and prove theorems. This insight
has popularized the definition under the name of Markov categories.

Example 5.2. The particular Markov category we use as a model for measure-theoretic probability theory is
BorelStoch. In this category, the objects are standard Borel measurable spaces and a morphism f : X → Y

9This point is quite similar to how the arithmetic of integers and real numbers has been generalized with enormous benefit to
the theory of commutative rings and fields. The latter provides a more general context for the study of number systems, and
also offers deep results—such as the fundamental theorem of Galois theory—which can be applied back to number systems and
produces conclusions that would not have been obtainable without.

10See the introduction to [69] for an account of the history.
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is a Markov kernel,11 which is a family of probability measures on Y indexed by the points of X in a
measurable way. When X and Y are finite, Markov kernels are equivalent to stochastic matrices, which are
matrices of nonnegative real numbers

(f(y|x))x∈X,y∈Y

such that
∑

y∈Y f(y|x) = 1 for all x ∈ X.

Definition 5.1 and Example 5.2 indicate a paradigm shift in probability theory. In the traditional approach,
the primary primitive notions of probability are probability measures and random variables. For us, the
primary notion is that of a morphism f : X → Y in a Markov category12, drawn like this:

Y

X

f

Here, we think of f as some kind of operation that takes an input of type X and produces an output of type
Y . This output should be thought of as possibly uncertain; you may think of a vending machine, which can
take one of several coins as input and will produce a random snack (or failure) as output. The structure of a
symmetric monoidal category then amounts to the ability to compose an entire network of morphisms into a
single morphism, which is drawn as a string diagram like this:

B X B

k

h

Y

g1

f

g2

f

A A

B W

(5.3)

The axioms guarantee that these wirings behave as one would expect, e.g. in the sense that they respect simple
topological moves. The Markov kernels of BorelStoch provide one possible model for which all of this works.
Note that in this case, composing Markov kernels into a network is exactly what one does in the context of
causal modelling with Bayesian networks [70, (1.33)]. While this is most commonly formulated for discrete
probability, the Markov category framework covers the general measure-theoretic case with the same ease.

I still need to clarify the meaning of the black dots in Definition 5.1. For every object X, there is a
distinguished process with one input of type X and two outputs of type X, and another one with input of
type X and no output, drawn like this:

X
X

X X

= =delXcopyX

We think of these as maps which copy and delete (or discard) the value that is passed to them. The postulates
of Definition 5.1 formalize this intended interpretation. The fact that some form of “copy” is relevant in

11Markov kernels are also known under many different names, such as stochastic map, probabilistic mapping, conditional
distribution, statistical model, statistical operation, transition probability and communication channel. This proliferation of names
for the same concept in different contexts underlines their importance and ubiquity.

12Of course, maps appear because our approach is formulated in terms of category theory. However, the direction of explanation
here is: category theory is adequate for our approach because we take maps to be primitive, not the other way around.
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probability theory becomes apparent when considering the defining equation of conditional probabilities,
which in the discrete case is

P (x, y) = P (y|x)P (x).

Since x occurs twice on the right, one needs to copy its value in order for the expression to make sense. In
terms of string diagrams, this same equation takes the form13

Y

P

X Y
P|X

X

=

P

The expression on the left has no inputs and two outputs, which makes it into an abstract version of a
probability measure on the product of measurable spaces X and Y . On the right, we have the marginal on
X at the bottom, whose output is copied, and one copy is used as input to P|X in order to determine the
second overall output on the top right. Now if P|X exists such that the above equation holds, then we call
P|X a conditional of P .14 In BorelStoch, it is well-known that such P|X always exists, because the above
equation for P|X turns out to be equivalent to it being a regular conditional probability for P .

There are many further notions that have been defined for Markov categories, including almost sure
equality, conditional independence, sufficient statistics, etc. Based on these definitions, we also have a range of
additional axioms that a given Markov category may or may not satisfy, and which make the Markov category
behave more like measure-theoretic probability if they do hold. Let me limit myself to mentioning only one of
the definitions.

Definition 5.3. A morphism f : X → Y is deterministic if it satisfies

f f
=

f

Y Y

X X

Y Y

Indeed in BorelStoch, a Markov kernel f : X → Y is deterministic if and only if all its probabilities are in
{0, 1}, in which case one can identify it with a measurable function X → Y with no inherent randomness.
Here’s the intuition behind the general definition: being deterministic means that whenever one feeds the
same input to two copies of f independently (as on the left), then these two processes are guaranteed to
produce copies of the same output, namely the output produced by a single application of f (as on the right).

I will now present a selection of recent achievements with Markov categories made by myself and my
collaborators. These lift classical theorems of probability and statistics to our abstract setting.

The zero–one law of Hewitt and Savage. A zero–one law is a result which states that an event with
certain properties is deterministic (has probability 0 or 1). In [71], we have proven abstract generalizations of
the classical zero–one laws due to Kolmogorov and Hewitt–Savage. The latter is as follows.

Theorem 5.4 (Abstract Hewitt–Savage zero–one law [71]). Suppose that C is a causal Markov category, J
an infinite set and X ∈ C is such that the Kolmogorov power XJ exists. If p : A → XJ and deterministic
s : XJ → T are such that

(a) p displays the conditional independence ⊥i∈J Xi || A, and

(b) Both p and s are invariant under finite permutations of the factors in the power XJ ,

then the composite sp : A → T is deterministic.
13Keep in mind that X is an object in our category, i.e. a formal version of a measurable space, not a random variable.
14Whenever a conditional exists, it is unique up to almost sure equality, even at the general level of our formalism.
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Here, the Kolmogorov power XJ is a J-fold Kolmogorov product of X with itself, defined as the cofiltered
limit of the finite powers of X, provided that this limit exists and is suitably well-behaved. Instantiating this
result in BorelStoch with J countable, A a singleton, and T = {0, 1} recovers the classical Hewitt–Savage
zero–one law from [72].15 Our result generalizes this classical version in three ways:

▷ p can be a nontrivial family of probability measures indexed by A, or equivalently a Markov kernel with
arbitrary input, rather than merely a single probability measure.

▷ s can be a measurable map taking values in any standard Borel space rather than just {0, 1}.

▷ The theorem can also be interpreted in other Markov categories. Depending on which category one
considers, the meaning of the statement may end up having a similar flavour or may end up looking
radically different.

The first two generalizations are insubstantial, since they can also easily be deduced from the standard
formulation mentioned above. The third generalization is not immediate, and its scope is largely unexplored
so far.

The de Finetti and Aldous–Hoover theorems. The de Finetti theorem is a classical foundational result
which characterizes sequences of random variables, whose distribution is invariant under finite permutations,
as mixtures of independent and identically distributed sequences. Here is our categorical generalization.

Theorem 5.5 (Abstract de Finetti theorem [73]). Let C be a Markov category which is a.s.-compatibly
representable and has conditionals and countable Kolmogorov products. If a morphism p : A → XN is invariant
under finite permutations, then it can be written in the form

rr · · ·

q

p =

· · ·

(5.4)

for suitable q and r.

Instantiating this result in BorelStoch and taking A to be the singleton space recovers the classical de
Finetti theorem for standard Borel spaces. The appearance of further new proofs of this old theorem in recent
literature, even in the simpler special cases of discrete or binary variables [74–76], indicates that there still
is demand for a conceptually clean proof like ours. As for Theorem 5.4, our result generalizes the classical
one in two ways: by allowing A to be nontrivial (insubstantial), and by considering other Markov categories
(significant). For example, Theorem 5.5 has subsequently been used by Forré to obtain a de Finetti theorem
for his quasi-measurable spaces [77, Corollary 5.47].

In our more recent work [78], we have proven a deeper categorical result which generalizes the classical
Aldous–Hoover theorem. This similarly characterizes two-dimensional arrays of random variables whose
distribution is invariant under finite permutations of rows and columns (separately), such as countably infinite
symmetric random bipartite graphs.

Contemporary results in a similar vein are the hierarchical de Finetti theorems of Austin and
Panchenko [79] and Jung et al. [80]. I expect that our methods will be able to tackle these as well and
suggest further generalizations. In a more speculative direction, it could be intriguing to leverage the greater
generality of the categorical formalism to explore the known similarities [81] between de Finetti theorems
for partial exchangeability and regularity results in extremal combinatorics such as the Szemerédi regularity
lemma. Could Markov categories provide a way to formalize these informal analogies, potentially leading to
further synergy between extremal combinatorics and the theory of random structures? I imagine—as a dream
scenario—to be able to reprove Szemerédi’s lemma by instantiating our abstract Aldous–Hoover theorem in a
suitable Markov category. If this turns out to be possible, then we gain a formal bridge between probability
and extremal combinatorics, which could be fruitful for both fields.

15The knowledgeable reader may point out that Hewitt and Savage had already proven a version that applies more generally
than just to standard Borel spaces. So far, we have not been able to obtain this more general version from Theorem 5.4, but we
also have not tried very hard since the standard Borel case already covers most applications.
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Laws of large numbers. Together with the central limit theorem, the weak and strong laws of large
numbers are arguably the most fundamental results of probability theory. Here is the version that is relevant
for many applications.

Theorem 5.6 (Kolmogorov’s strong law). Let (Xn)n∈N be an iid (independent and identically distributed)
sequence of random variables with finite first moment. Then, almost surely,

lim
n→∞

1

n

n∑
i=1

Xi = E[X1]. (5.5)

Clearly this statement makes use of the assumption that the Xi take values in a vector space, since
otherwise we could not even make sense of the sum. But the same flavour of result can even be achieved
with a more minimal amount of structure by considering the empirical distribution of a sequence of real
numbers (Xn), which is encoded in the partially defined Markov kernel16

es((−∞, r]|(xn)) := lim
n→∞

1

n

n∑
i=1

1(−∞,r](xi). (5.6)

Here, we consider this to be defined on a given sequence (xn) if the limit exists uniformly in r, in which case
it defines a unique probability measure on R. Then the following classical result is a non-linear version of a
strong law.

Theorem 5.7 (Glivenko–Cantelli). Let (Xn)n∈N be a sequence of independent and identically distributed
real-valued random variables. Then, almost surely, its empirical cumulative distribution function converges
uniformly to the underlying cumulative distribution function.

This result implies Theorem 5.6 relatively easily at least for bounded variables. In recent work, we gave a
categorical formulation of this result based on axiomatizing sampling from the empirical distribution as a
partial Markov kernel. The relevant theory of partial morphisms, which live in quasi-Markov categories, is
developed in a companion paper written by my student Areeb Shah Mohammed [82].

Definition 5.8 ([83]). Let C be a quasi-Markov category with countable Kolmogorov products. Then an
empirical sampling morphism for an object X ∈ C is a morphism

es : XN −→ X

satisfying the following conditions:

(a) es is invariant under finite permutations of its inputs.

(b) If a morphism f : A → XN ⊗ Y is invariant under finite permutations in the first factor, then

es es· · ·

f

A

YX X

= f

A

XN Y

(5.7)

We have shown that every standard Borel space admits an empirical sampling morphism, where for X = R
one can use (5.6). Informally, this es can be thought of as returning a uniformly random element from the
input sequence, whenever this is well-defined, and otherwise being undefined. However, the choice of es for
X = R is highly non-unique, since for example conjugating by a suitable complex measurable automorphism
of R will produce a different es which also satisfies the above axioms.

Unfortunately, our developments do not really amount to an abstract proof of the Glivenko–Cantelli
theorem, since our axiom (5.7) already encodes much of this statement: proving that the axiom holds with

16We write lowercase xn now in order to indicate that this can be an arbitrary sequence of real numbers, not necessarily
following any particular distribution.
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X = R and (5.6) is essentially the same as proving Theorem 5.7. Nevertheless, it has been fruitful to take
Definition 5.8 as a starting point from which other kinds can be derived. So informally speaking, we are using
the law of large numbers as an axiom.

Based on this, we have given new categorical proofs of the de Finetti theorem and the representability of
the Markov category.17 We have also stated and proven a categorical law of large numbers, which has the
classical Theorem 5.6 as a special case. Taking these things together, I believe that our paper provides the
most concise joint proof of the Glivenko–Cantelli theorem, the strong law of large numbers, and the de Finetti
theorem. Our hope is to also prove an abstract generalization of the (pointwise) ergodic theorem in future
work.

With these developments in mind, allow me to speculate a bit about the mathematical and philosophical
significance of Definition 5.8. Mathematically, I wonder if a choice of empirical sampling morphism on a
measurable space could be thought of as an important piece of structure on that space. For example, could it
serve as an alternative to the use of topological structure in some measure-theoretic proofs? And to what
extent is the existence of empirical sampling morphisms specific to measure-theoretic probability—in which
case their existence could be used as an alternative to Kolmogorov’s axioms—or do they also exist in other
kinds of Markov categories? Philosophically, what does Definition 5.8 tell us about the nature of probability?
Can it serve as a foundation of a frequentist interpretation? The reason for why I think that the answer could
be positive is as follows. There is a plethora of different notions of when an individual sequence (xn)n∈N is
considered to be random, formalized in definitions due to von Mises, Martin-Löf, Wald, Schnorr and others [85],
and this ambiguity undermines frequentists’ arguments in favour of their interpretation. In contrast to that,
based on our Definition 5.8 and its mathematical utility, one can now argue that no particular definition is
the “right” one, since any definition which can be used as the domain of an empirical sampling morphism is
reasonable.

Further results. Our existing results on Markov categories are too numerous to go into detail for all of
them, but here are some of the other ones:

▷ My results on sufficient statistics [68] are versions of the classical theorems of Fisher–Neyman, Basu and
Bahadur.

▷ Our results on the informativeness of statistical experiments [84, Theorem 5.13] extend Blackwell’s
classical result characterizing informativeness of statistical experiments in terms of second-order stochastic
dominance to the categorical setting.

▷ We have a treatment of Bayesian networks in terms of Markov categories, including a categorical
definition of d-separation and a complete proof of the d-separation criterion [86]. In contrast to the
traditional version, our d-separation criterion has an intuitive formulation in terms of topological
connectedness of string diagrams.

▷ We have developed categorical notions of absolute continuity and support and studied idempotent
Markov kernels [87]. Our main result is that every idempotent Markov kernel on a standard Borel space
X admits a splitting : it can be obtained by first projecting onto another standard Borel space Y and
subsequently mapping back into X. This strengthens a characterization of idempotent Markov kernels
due to Blackwell [88], and this strengthening is entirely new: no purely measure-theoretic proof exists to
date. We expect such splittings to have applications in ergodic theory, where group averaging is often
an idempotent Markov kernel (in typical cases only partially defined).

▷ Hidden Markov models and filters are an important topic in signal processing, control theory and
embodied artificial intelligence. Our categorical treatment of this [89] specializes both to the general
nonlinear filter and to the well-known Kalman filter [90].

Categorical quantum probability. Standard probability theory is generalized by quantum probability,
which according to quantum physics is the actual flavour of probability theory which governs our world. And
although the setting of Markov categories is a general framework for theories of uncertainty, this setting is not
general enough to facilitate a treatment of quantum probability: the requirement for copy morphisms to exist

17Representability is a purely categorical concept playing an important role in the theory of Markov categories itself [84]. For
BorelStoch, it amounts to the obvious bijection between Markov kernels A → X and measurable functions A → PX, where PX
is the measurable space of probability measures on a measurable space X.
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contradicts the infamous no-broadcasting theorem of quantum information theory [91]. Several approaches
to overcome this problem have been proposed, including semicartesian probability [92, 93], Parzygnat’s
quantum Markov categories [94, 95] and the involutive Markov categories by Lorenzin and myself [96].18
However, I do not want to elaborate on any of this further at present, since I believe that the best setting for
categorical quantum probability has not yet been found.

A related problem is the question of what a good definition of quantum measurable space would be,
which surprisingly seems to be a question that has not been asked before. Of course, it is well-known that
von Neumann algebras equipped with faithful normal states are good noncommutative generalizations of
probability spaces. However, in Markov categories like BorelStoch, the objects are not probability spaces
but rather measurable spaces, and I believe that this is for good reason. We therefore would like to have a
category of “quantum measurable spaces” such that its full subcategory of commutative objects is equivalent
to BorelStoch. In [98], Lorenzin and I have considered this question and studied a number of candidate
definitions revolving around monotone σ-complete C*-algebras, studied in particular by Wright.

Impact. In this section, I have mainly discussed research that I have personally been involved with. But
since they were popularized by [68], Markov categories have found broad adoption in a diverse range of
topics, including probabilistic programming [99–101], machine learning and AI [102–107], neuroscience [108],
cognitive science [109], decision theory [110, 111], causal modeling and inference [112–116], the logical structure
of conditional independence [117], information measures [30, 118, 119], ergodic theory [120], the theory of
hypergeometric distributions [121], control theory [122] and quantum foundations [123].

Andi Wang—one of the authors of a recent formulation of Markov chain Monte Carlo with Markov
categories [124]—has informed me about an ongoing international statistics reading group on Markov categories
with ∼80 participants.

6 Probability spin-offs
My work on categorical probability has also led to some simple questions in measure-theoretic probability
that had apparently not been asked before. The first one of these was based on considerations on the law of
large numbers. The particular question which I was pondering was: what can be said about the empirical
averages 1

n

∑n
i=1 Xi when the assumption of finite first moment is removed from Theorem 5.6? For example,

assuming nonnegative iid variables, is it possible to upper-bound the probability

P

[
1

n

n∑
i=1

Xi >
α

m

m∑
i=1

Xi

]

for fixed α > 1, such that the upper bound tends to 0 as m,n → ∞? In [125], Bellec and I have developed
an integer programming approach to problems of this type (optimizing a strict linear inequality over iid
distributions on R+). We have applied our algorithm to the special case

P[X1 +X2 +X3 < 2X4], (6.1)

which is the simplest such problem for which we had not been able to find a solution by hand. Our method
has provided a rigorous machine-checkable proof that the optimum lies between 0.400695 and 0.417.19
Subsequently, work by Google DeepMind and Tao has used this question as one of 67 benchmark problems
for the use of AI for structured optimization problems arising from mathematical research [126]. In contrast
to what happened with many of the other 66 problems, our human-derived bounds for (6.1) have not been
improved on by the AI (yet).

The second spin-off is a result on stochastic dynamics developed jointly with Rivera. It gives a precise sense
in which every measure-preserving transformation can be approximated by iterated averaging transformations.

18There also is categorical quantum mechanics [97], but this is of quite a different flavour in that the morphisms in the categories
typically considered there are operators rather than quantum channels, and the “CP construction” which turns the former kind of
categories into the latter works well only for finite-dimensional Hilbert spaces.

19To get a feel for the problem, note that if all four variables are constant, then they must be equal and therefore the probability
is 0. In the other direction, it feels intuitively clear that the probability cannot get arbitrarily close to 1, but formalizing
this already requires some thought. In the paper, we have also considered the simpler case of P[X1 < (X2 +X3)/2], whose
optimization we have phrased as a fun puzzle about a new “Beat the Average” game in a casino.
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Theorem 6.1 ([127]). Let (X,Σ, µ) be a standard Lebesgue probability space and T : X → X a measure-
preserving automorphism. Then for all f1, . . . , fn ∈ L∞(X) and ε > 0, there is a finite sequence of
sub-σ-algebras F1, . . . ,Fm ⊆ Σ such that

∥fi ◦ T − Em · · ·E1fi∥∞ < ε ∀i = 1, . . . , n,

where each Ej : L
∞(X) → L∞(X) is the conditional expectation operator with respect to Fj.

The proof is based on the following instructive puzzle: given n empty and n full water tanks, all of equal
size and shape, suppose that you want to transfer as much water as possible from the full to the empty ones.
However, the only tool that you have available is a hose with which you can equilibrate the water levels
between any two tanks. Then how much total water can you transfer? Using generating function methods, we
have shown that all but a fraction of

4−n

(
2n

n

)
=

1√
πn

+O(n−3/2)

of the water can be transferred, and this is optimal. In particular, for n ≫ 1 almost all of the water can be
transferred. This turns out to imply Theorem 6.1 for all transformations T of order 2, from which the general
case follows by a result of Ryzhikov [128].

7 Mathematical structures in foundations of physics
I have also recently revived my strong interest in mathematical structures in the foundations of physics
through the following works.

▷ The paper [129] develops a fully algebraic generalization of pseudo-Riemannian geometry. This is
motivated by the observation that when we solve the Einstein field equations, we typically do not fix a
manifold to begin with, but rather determine the topology jointly with the metric, and this procedure
feels more algebraic than geometric. This is based on the simple observation that tensor calculus makes
sense over any algebraifold, which I defined as an algebra A over a commutative ring k which is such
that the A-module of k-linear derivations of A is finitely generated projective.20,21 Despite its simplicity
and several prior approaches to algebraic differential geometry, the algebraifold approach is new.22 So
far, I have developed it up to the point of giving an algebraic treatment of geodesics, which is relevant
already because the standard definition of geodesics is point-based and not obviously amenable to an
algebraic formulation. There is a diverse range of examples of algebraifolds beyond the R-algebras of
the form C∞(M), of which I want to highlight three:

– Every algebraic function field of characteristic zero is an algebraifold over its ground field.

– Suitable versions of the Colombeau algebra of generalized functions on a manifold, which includes
Schwartz distributions, are algebraifolds over R.

– Any smooth submersion M → N of smooth manifolds makes C∞(M) into an algebraifold over
C∞(N).

The last example is particularly interesting, as it shows that the algebraifold formalism also specializes
to a fibred or parametrized version of differential geometry. This makes me wonder whether there could
even be something like a “classifying algebraifold” for solutions to the Einstein equations, where the
ground ring would be something like a formal dual of the moduli space of solutions.

▷ In physics, the concept of observable plays a dual role. On the one hand, observables are quantities
that can be measured, at least in an idealized sense; on the other hand, they are the generators of

20This condition is importantly distinct from the module of Kähler differentials Ω1 being finitely generated projective, which is
of course not the case for an R-algebra of the form C∞(M). See the paper for more discussion of this point, as well as a modified
universal property for the module of derivations of an algebraifold.

21Readers familiar with algebraic geometry may wonder whether a definition involving sheaves of rings would be more suitable.
Although this is indeed the case in algebraic geometry due to the relative scarcity of regular functions on a variety, this reason
does not apply to differential geometry, where smooth functions are of ample supply. I therefore do not think that using sheaves
is relevant for the purposes of differential geometry.

22See the paper for a literature review.
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one-parameter groups of transformations. This duality seems to be a feature of all physical theories that
we have, including classical mechanics and quantum mechanics. But what is it about these theories that
makes this so? More precisely, what is the minimal mathematical structure that the observables must
have in order for them to generate one-parameter groups of transformations coherently?

This is the question that I’ve tried to answer in [130]. My proposal is built on the existing notion
of quandle Q, which is an algebraic structure “acting on itself”: it comes with a binary operation ▷
satisfying the self-distributivity equation

x ▷ (y ▷ z) = (x ▷ y) ▷ (x ▷ z).

Moreover, a quandle is required to satisfy the reflexivity condition x ▷ x = x and be such that every map
x ▷− is bijective. A good way to think about this definition is as the fact that every map x ▷− : Q → Q
is an automorphism of Q itself (which fixes x). This is already very similar to the situation I’ve described
for observables. The only difference is that an observable should generate a one-parameter group of
transformations. In order to account for this, I have introduced the notion of Lie quandle, which is a
manifold23 together with a family of binary operations ▷t indexed by t ∈ R, such that the equations

x ▷s (x ▷t y) = x ▷s+t y, x ▷0 y = y,

x ▷s (y ▷t z) = (x ▷s y) ▷t (x ▷s z), x ▷s x = x

for all x, y, z ∈ Q and s, t ∈ R hold, and such that ▷ is smooth as a map Q× R×Q → Q. Informally,
the concept of Lie quandle is a nonlinear generalization of the notion of Lie algebra (over R). Indeed
every Lie algebra g is a Lie quandle with respect to the adjoint action,

x ▷t y := exp(tadx)y.

My MSc student Benjamin Walder has worked on reconstructing the vector space structure and Lie
bracket on g from the Lie quandle structure, and he has shown that this is possible as soon as g has
trivial centre. I believe that the algebraic and differential structures on a Lie quandle lead to similar
synergies as in classical Lie theory, but this largely remains to be explored. As a starting point, I
have developed a new understanding of Noether’s theorem on the relation between symmetries and
conservation laws, extending Baez’s perspective on this [131].

It has been argued by Moskovich24 that self-distributivity is as fundamental as associativity, and that
associativity models space and time while self-distributivity models information. I share this idea
to some extent and believe that self-distributive structures are currently underappreciated. In fact,
self-distributivity appears in physics not just in the context of observables, but also in the context of
states: taking probabilistic mixtures (convex combinations) of states, as given by

ρ ▷t σ := e−tρ+ (1− e−t)σ,

also satisfies the same self-distributivity and reflexivity equations as in a Lie quandle; the only difference
is that we now are restricted to t ≥ 0. I do not know yet what the deeper meaning of this might be, but
it is intriguing.

▷ Most recently [132], I have been working on a vaguely related question in the foundations of quantum
theory, namely on why measurements are modelled as tuples of operators indexed by the outcomes.25
Why could a measurement not be a completely different kind of mathematical object? To make formal
sense of this question, I introduced a definition of generalized measurement theory (GMT) by
analogy with the existing notion of generalized probabilistic theory (GPT). A GMT is simply a functor
M : FinSet → Set with M(1) ∼= 1, where we think of M(X) for a finite set X as the set of measurements
on the physical system under consideration which take values in X. Then if f : X → Y is a function,
M(f) : M(X) → M(Y ) is the map which takes a measurement with outcomes in X and produces a
measurement with outcomes in Y by post-processing the outcomes according to f . This bare-bones

23An attentive reader may wonder this can be done with algebraifolds. I’m not sure yet due to the problem of products
described in [129].

24See the blog post ldtopology.wordpress.com/2014/07/21/associativity-vs-distributivity/.
25More accurately, this is a correct description in the case of discrete outcomes, while for continuous outcomes one needs to use

operator-valued measures. I will ignore this technicality for the purposes of this discussion.
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structure turns out to be surprisingly powerful, and in particular it can be used to provide an interesting
answer to the question above.

Indeed if we consider also the functor ∆ : FinSet → Set which takes a finite set X to the set ∆(X) of
probability distributions on X, then we can define a probabilistic state on a GMT M to be a natural
transformation M ⇒ ∆. Based on these notions, I have shown the following: if M separates probabilistic
states, then the elements of every M(X) are uniquely determined by all possible post-processings along
the indicator functions 1{x} : X → {0, 1} of all singletons. In this way, every measurement in M(X)
can be identified with a tuple of elements of M({0, 1}) indexed by the outcomes in X.

8 Statement on AI use
Ongoing developments suggest that AI systems are improving at rapid pace. Therefore I find it important to
position myself with respect to their use and to evaluate their potential as well as possible risks. My current
workflow integrates AI tools as follows:

▷ I have been using GitHub Copilot since 2023 as a writing assistant for all kinds of writing. This includes
research papers, lecture notes, emails and this very document. This tool proposes text completions
based on the context. I mostly decide what I want to write before accepting or declining the suggested
completion. With steadily increasing capabilities, I have found that the suggestions match my intentions
more and more often. Thanks to this, Copilot has led to significant increases in my writing speed.

▷ I use ChatGPT 5.3 Thinking and ChatGPT 5.2 Pro for various professional purposes, but mostly limited
to the following: helping me find relevant literature; giving me custom explanations of things that I
would like to learn about; and to some extent helping me with simple proofs.

For proofs, I do not yet find these models intelligent enough to be seriously useful, and this applies
even more so to brainstorming or big-picture discussions. I have also tried to use them for designing
homework, but have found their suggestions to be generally somewhat dry and uninteresting, while I
want to design homework that is engaging and fun for students. It’s possible that this can be improved
with more prompt engineering.

This workflow is subject to change as capabilities evolve.
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[41] Marc-Olivier Renou, Elisa Bäumer, Sadra Boreiri, Nicolas Brunner, Nicolas Gisin, and Salman Beigi. “Genuine
quantum nonlocality in the triangle network”. In: Phys. Rev. Lett. 123 (2019). arXiv:1905.04902, p. 140401
(cit. on p. 2).

[42] Alejandro Pozas-Kerstjens, Antoine Girardin, Tamás Kriváchy, Armin Tavakoli, and Nicolas Gisin. “Post-
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[43] Tamás Kriváchy and Martin Kerschbaumer. “Closing the detection loophole in the triangle network with
high-dimensional photonic states”. In: Phys. Rev. Lett. 135 (2025). arXiv:2503.24213, p. 160803 (cit. on p. 2).

[44] Victor Gitton and Renato Renner. The Elegant Joint Measurement is non-classical in the triangle network.
arXiv:2510.15143. 2025 (cit. on p. 2).

[45] Alessia Suprano, Davide Poderini, Emanuele Polino, Iris Agresti, Gonzalo Carvacho, Askery Canabarro, Elie
Wolfe, Rafael Chaves, and Fabio Sciarrino. “Experimental Genuine Tripartite Nonlocality in a Quantum Triangle
Network”. In: PRX Quantum 3 (2022). arXiv:2204.00388, p. 030342 (cit. on p. 2).

[46] Othmane Meskine, Ivan Šupić, Damian Markham, Félicien Appas, Fabien Boitier, Martina Morassi, Aristide
Lemâıtre, Maria Ines Amanti, Florent Baboux, Eleni Diamanti, and Sara Ducci. “Experimental quantum
triangle network nonlocality with an AlGaAs multiplexed entangled photon source”. In: PRX Quantum 6
(2025). arXiv:2410.06860, p. 020313 (cit. on p. 2).

[47] Ning-Ning Wang, Chao Zhang, Huan Cao, Kai Xu, Bi-Heng Liu, Yun-Feng Huang, Chuan-Feng Li, Guang-Can
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